Abstract. In this paper, we prove several multi-term refinements of reverse of Young inequality with Kantorovich constant for both real numbers and operators. Among other results, for all 0 v 1 and
Introduction
The simple inequality is the Young inequality. Even though this inequality looks very simple, it is of great interest in operator theory. Refining this inequality has taken the attention of many researchers in the field, where adding a positive term to the left side is possible. Among the first refinements of this inequality is the squared version proved in [3] (a v b
Later, the authors in [5] obtained the other interesting refinement
A common fact about the refinements (1.2) and (1.3) are having one refining term. In recent paper [4] , some reverses and refinements of Young's inequality were presented, it is proved that where r 0 = min{2r, 1 − 2r} for r = min{v, 1 − v} . These inequalities adding a second refining term to the original Young's inequality. In the same paper, it is proved the following reversed versions
To state our paper, we adopt the following notations. Like in [6] , let a, b 0 and
Then define the nonnegative function
it is proved that
Also, in [1] , authors proved that
where
Paper [7] pointed out that Specht's ratio and the Kantorovich constant have the relationship as follows:
In a recent work, Kai [10] gave the following Young type inequalities
(1.12)
Later, Nasiri in [12] improved the inequalities (1.12) with Kantorovich constant
(1.13)
where h = b a , r = min{2v, 1 − 2v} and r = min{2r, 1 − 2r}. Furthermore, authors in [11] 
(1.14)
which can be regarded as the reverse of Young type inequalities. In this paper, we will present a refinement that has as many terms as we wish. Throughout the paper, M n denotes the space of all n × n complex matrices. M + n is the set of positive semidefinite matrices in M n , X Y for X,Y ∈ M n means that X and Y are hermitian and
is the set of strictly positive definite matrices in M n , and | · | is a unitarily invariant norm defined on M n . We defined
denoted by A∇B and A B respectively when v = 1 2 . Also, we defined that
The paper is organized in the following way: In Section 2, we give the reversed version of (1.10) and some auxiliary results. In Section 3, reversed version of Young inequality with Kantorovich constant is presented. In the last Section, we establish the matrix version of inequality (2.2) for unitarily invariant norm based on Corollary 2.2.
Reverses of Young and Young type inequality with Kantorovich constant
First, we prove a reverse of Young inequality with Kantorovich constant.
Proof. By (1.10) we have Replace a, b by a 2 , b 2 in Theorem 2.1, we can get the following result.
By the similar way in Theorem 2.1, we can get a reverse of Young type inequality with Kantorovich constant, which is the refinement of (1.14).
Proof. Let 0 v 1 2 . Then we have
Thus, (2.3) holds. 
Thus, (2.4) holds. So we completed the proof. Case ii) when [2 N v] is not an integer, then we have
. So we completed the proof.
Next, we will get some of the Kantorovich constant of Heinz inequalities.
PROPOSITION 2.5.
Proof. By (1.10) and (2.5) we have
So we have
by (1.9), so we have the desired result (2.6). Similarly, by (2.1) and (2.5) we have
by (1.9), so we have the desired result (2.7).
To achieve our further results, we need a following lemma. 
We can see [8] for more details.
Proof. (1) . For our convenience, we denote that
So we only need to prove i) x z, ii) x y and iii) x − y z − w. In fact, we have H v (a, b) a+b 2 . So we only prove x y and x − y z − w. By (2.7), we can get x − y z − w( 0), which imply that x y. Then by lemma 2.6, so we completed the proof. COROLLARY 2.8. Let φ (x) = x m , m 1, then we have the following results.
Reversed versions for operators
In this section, we will give some reversed versions of Young inequalities for operators by the monotonic property of operator functions. First, we give the basic of the following discussion. 
LEMMA 3.1. Let X ∈ B(H) be self-adjoint and let f and g be continuous real functions such that f (t) g(t) for all t ∈ Sp(X) (the Spectrum of X ). Then f (X) g(X).
Proof. Let a = 1 in (2.1) and expand the summand to get 
is an increasing function on (1, +∞), then
In a similar way, under the second condition, we can get I is a decreasing function on (0, 1), then Proof. Since A and B are positive definite, it follows by spectral theorem that there exist unitary matrices U,V ∈ M n , such that
